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Abstract: 
         In this research paper, the modified Homotopy analysis methods are adopted to study 
the problem of thermal boundary-layer over a flat plate with a convective surface 
boundary condition analytically. The analytical expressions of the dimensionless velocity 
and temperature profile for the system of non-linear differential equations with infinite 
boundary conditions are derived using the modified Homotopy analysis method. Further 
the graphical representations of the dimensionless velocity and temperature profiles are 
investigated. The Homotopy analysis method can be easily extended to solve other non-
linear initial and boundary value problems in physical, chemical and biological sciences.  
Keywords:   Thermal Boundary Layer, Non-Linear Differential Equation, Convective 
Boundary Condition & Modified Homotopy Analysis Method. 
1. Introduction: 
        Most of the problem and scientific phenomena such as physical problems, fluid 
mechanics, engineering application and chemical physics it can be described through 
non-linear equations. Except the limited number of problems most of them do not have 
an exact solution. This method is applied to solve the linear and non-linear problems. 
Nowadays, many authors have the attention to study the solution of non-linear 
differential equation by using various methods, such as Homotopy perturbation method 
(HPM), Homotopy analysis method (HAM), Differential transform method (DTM), these 
methods are used to reduce the equation and we obtain the exact or approximate 
solution. The concept of Homotopy analysis method was first introduced by Liao in 
1992 [1-4] is method offers highly accurate successive approximations of the solution. 
Howarth [5] developed this method for the solution of the laminar boundary-layer 
equation they applied the method of LTNHPM, Chen et.al [6] and [7] developed this 
method for partial differential equations and obtained closed form series solution for 
linear and non-linear initial value problems. 
            In the present work, the analytical expressions of the thermal boundary layer 
over a flat plate with a convective surface boundary condition are derived by using 
modified Homotopy analysis method. The Homotopy analysis method (HAM) is a 
general analytical method to solve strongly non-linear differential equation. In addition, 
many authors have investigated the problem of thermal boundary-layer and find the 
similarity solution for the case of constant surface temperature at the plate. In this 
problem we consider the value based on the boundary conditions, we guess our initial 
solutions for the dimensionless temperature and the dimensionless stream function.  
2.  Mathematical formulation of the problem: 
          Consider the  two dimensional  thermal boundary layer flow  with a convective 
surface  boundary condition with the semi-infinite flat plate in the cold fluid at 
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temperature T  its moves over the top surface of the plate with the uniform velocity 

U .For the steady two dimensional flow, the equation of continuity,  momentum, and 

energy equations  can be written as  
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Where u   is the velocity components in x  and v  is the velocity components in y 
direction of the fluid,  T  denotes the fluid temperature, v denotes the kinematic 
viscosity of the fluid and   denotes the thermal diffusivity of the fluid. The velocity 
boundary condition can be expressed as 

                                                 .0)0,()0,(  xvxu                                                                        (4)                                                                 

                                                    Uxu )0,(                                                                                 (5) 

The bottom surface of the plate is heated by convection from a hot fluid at temperature 

fT  which provides a heat transfer coefficient fh . The boundary conditions at the plate 

surface and far into the cold fluid may be written as 
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We  may assume that incompressible flow and constant properties then, the momentum 
equation is decoupled from the energy equation. 
         Let Tvuyx ,,,,  be the dimensionless in terms of arbitrarily selected reference 

length 0x  the characteristic velocity is referred as U  and characteristic temperature is 

referred as T respectively, with replacing dimensionless variable and the similarity 

solution method, we have the following momentum equation. 
                                                                      ,02  fff                                                           (8)                                                                                     

                                                         0)0(,0)0(:0  ff                                                 (9) 
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Here Pr is denoted by Prandtl number, which is equal to the ratio of the momentum 

diffusivity of the fluid to its thermal diffusivity  


vei Pr.. . 

A dimensionless temperature parameter is defined as follows 
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Hence, the boundary –layer energy equation then becomes 
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Where                                               
 Uvx

k
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For the energy equation to have a similarity solutions, the quantity ‘ a ’ must be a 
constant and not a function of x  as in eqns. (18). This condition can be met if the heat 

transfer coefficient     fh  is proportional to 2/1x . We therefore assume 

                                                                    2

1
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where c is a constant. 
With the introduction of the eqn. (19) into an eqn. (18), we have 
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In the next section we shall solve the system of eqns. (8) and (16) by using the HAM. The 
equations are coupled and non-linear. 
3. Solution of the Non-Linear Boundary Value Problem using the Modified 
Homotopy Analysis Method: 
            HAM is a non-perturbative analytical method for obtaining series solutions to 
nonlinear equations and has been successfully applied to numerous problems in science 
and engineering [8-27]. In comparison with other perturbative and non perturbative 
analytical methods, HAM offers the ability to adjust and control the convergence of a 
solution via the so-called convergence-control parameter. Because of this, HAM has 
proved to be the most effective method for obtaining analytical solutions to highly non-
linear differential equations. Previous applications of HAM have mainly focused on non-
linear differential equations in which the non-linearity is a polynomial in terms of the 
unknown function and its derivatives. As seen in (1), the non-linearity present in 
electrohydrodynamic flow takes the form of a rational function, and thus, poses a 
greater challenge with respect to finding approximate solutions analytically. Our results 
show that even in this case, HAM yields excellent results. 
           Liao [8-13] proposed a powerful analytical method for non-linear problems, 
namely the Homotopy analysis method. This method provides an analytical solution in 
terms of an infinite power series. However, there is a practical need to evaluate this 
solution and to obtain numerical values from the infinite power series. In order to 
investigate the accuracy of the Homotopy analysis method (HAM) solution with a finite 
number of terms, the system of differential equations were solved. The Homotopy 
analysis method is a good technique comparing to another perturbation method. The 
Homotopy analysis method contains the auxiliary parameter h , which provides us with 
a simple way to adjust and control the convergence region of solution series.  Using this 
method, we can obtain the following solution to (8) and (16) (see Appendix B). The 
approximate analytical solution of the equations (8) and (16) by using HAM are given 
by                     
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4. Results and Discussion:      
          The main interest in this section is to investigate the effects of Prandtl number Pr 
and the dimensionless parameter a  using Modified Homotopy analysis method. 
Figure.1 shows the dimensional horizontal coordinate   versus the dimensionless 

temperature )( , when the parameter a  value increases, the dimensionless 

temperature )(  decreases for various values of the other dimensionless parameter 

Pr. When the parameter a  increases then the flat plate surface dimensionless 

temperature decreases in all the Figs. In Table.1 the numerical values of 
)(),(),(  fff    are obtained by using the Modified Homotopy analysis method. 
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(c) 

 
(d) 

 
Fig 1:  Dimensional horizontal coordinate   versus the dimensionless temperature 

)( . The curves are plotted using the eqn. (22) for various values of the the 

dimensionless parameter a and in some fixed values of  the other dimensionless 
parameter Pr,  when (a) Pr=0.72, (b) Pr=5,  (c) Pr=20 , (d) Pr=50 and .3725.0h  

Table 1: The numerical values for )(),(),(  fff   are obtained from eqn. (21) by 

using the modified HAM 
                               )(f                              )(f                           )(f   

                                    6.0h                           3.0h                        8.0h  
0.0 0.00000 0.00000 0.33250 
1 0.16529 0.31985 0.32388 
2 0 .65167 0.62962 0.26685 
3 1.39380 0.84518 0.16198 
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4 2.30193 0.95272 0.64282 
5 3.25574 0.99386 0.01584 
6 4.27417 0.99813 0.00248 
7 5.27125 0.99970 0.00020 
8 6.26370 1.00028 0.00001 
9 7.27001 1.00050 0.00001 

5. Conclusions:     
      The analytical expressions of the dimensionless stream function )(f  and the 

dimensionless temperature )(  in the thermal boundary layer over a flat plate with a 

convective surface boundary condition are derived by using the modified HAM for all 
values of dimensionless parameters a and Pr. The numerical values of 

)(),(),(  fandff  results are listed in Table.1 .The HAM and modified HAM requires 

less computational work than existing approaches while supplying  quantitatively 
reliable results. The results show us the validity and great potential of the modified 
HAM for heat and mass transfer problems in engineering and applied sciences. 
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Appendix: A 
Basic Concept of the Homotopy Analysis Method [8-27] 
 Consider the following differential equation: 

                                                                0)]([ tuN                                                  (A.1) 

Where Ν is a nonlinear operator, t denotes an independent variable, u (t) is an unknown 
function. For simplicity, we ignore all boundary or initial conditions, which can be 
treated in the similar way. By means of generalizing the conventional Homotopy 
method, Liao (2012) constructed the so-called zero-order deformation equation as: 

                                         
)];([)()]();([)1( 0 ptNtphHtuptLp                            (A.2) 
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where p  [0,1] is the embedding parameter, h ≠ 0 is a nonzero auxiliary parameter, 

H(t) ≠ 0 is an auxiliary function, L an auxiliary linear operator, 0u  (t)  is an initial guess 

of u(t), ):( pt  is an unknown function. It is important to note that one has great 

freedom to choose auxiliary unknowns in HAM. Obviously, when 0p  and 1p , it 

holds: 

                                                
)()0;( 0 tut   and )()1;( tut                                      (A.3) 

 respectively. Thus, as p increases from 0 to 1, the solution );( pt varies from the initial 

guess )(0 tu  to the solution u (t). Expanding );( pt  in Taylor series with respect to p, we 

have: 
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If the auxiliary linear operator, the initial guess, the auxiliary parameter h, and the 
auxiliary function are so properly chosen, the series (A.4) converges at p =1 then we 
have: 
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Differentiating (A.2) for m times with respect to the embedding parameter p, and then 
setting p = 0 and finally dividing them by m!, we will have the so-called mth -order 
deformation equation as: 
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Applying 1L  on both side of equation (A7), we get 
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In this way, it is easily to obtain mu  for ,1m  at thM  order, we have 
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When M , we get an accurate approximation of the original equation (A.1). For the 
convergence of the above method we refer the reader to Liao [3]. If equation (A.1) 
admits unique solution, then this method will produce the unique solution. 

Appendix: B 
 Approximate analytical expression of the non-linear differential eqns. (8) and 
(16) using   the Modified Homotopy Analysis Method:  
   We indicate how the eqns. (21) and (22) are derived in this paper.  To find the solution 
of the eqns. (8) and (16) we construct the Homotopy are as follows: 
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Comparing the coefficients of like powers of p in the eqns. (B.5) and (B.6) we get, 
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The initial approximations are as follows: 

                      
)).0(1()0(,0)(;1)(,0)0(,0)0( 00000   afff             (B.11)                                                                                

                           
,...3,2,1,0)0(,0)(,0)(,0)0(,0)0(  ifff iiiii                (B.12)          

Solving the eqns. (B.7) - (B.10) and using the boundary condition (B.11) and (B.12) we 
obtain the following results: 
For this HAM solution, we choose the initial guesses in the following form which 
satisfies the eqn. (B.11). 

                                                                  
  ef 10                                                      (B.13)  
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0                                                             (B.14) 

By solving the eqns. (B.9) and (B.10) using the eqn. (B.12), we can obtain the following 
results 
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 According to the HAM, we can conclude that 
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After putting the eqns. (B.13), (B.15) into an eqn. (B.17) and the eqns. (B.14), (B.16) into 
an eqn. (B.18), we obtain the solution in the text as given in the eqns. (21) and (22). 

Appendix: C 
Nomenclature:  

Symbol Meaning 
U  Velocity components in the x direction 
V  Velocity components in the y direction 

Pr  Prandtl number 

T  Temperature 

X  Dimensional vertical coordinate 

Y  Dimensional horizontal coordinate 


T  Local ambient temperature 

U  Uniform velocity 

fh  Heat transfer coefficient 

fT  Fluid temperature 

U  Withdrawal velocity 
  Thermal diffusivity 
  Similarity variable 
  Radiation-conduction parameter 
  Dimensionless temperature 

                                         
 


